Available online at www.sciencedirect.com

’ : JOURNAL OF
ScienceDirect COMPUTATIONAL
PHYSICS

ELSEVIER Journal of Computational Physics 219 (2006) 855-878

www.elsevier.com/locate/jcp

Direct-expansion forms of ADER schemes for conservation
laws and their verification

Yoko Takakura

Department of Mechanical Systems Engineering, Tokyo Noko University, 2-24-16 Nakacho, Koganei, Tokyo 184-8588, Japan

Received 29 March 2005; received in revised form 18 March 2006; accepted 1 May 2006
Available online 3 July 2006

Abstract

To seek general-purpose numerical schemes for hyperbolic problems, the ADER approach has been reviewed on the
state-series expansion forms and the direct expansion forms in the viewpoint of the numerical procedure and the accuracy,
and the advantages and disadvantages of the latter forms have been discussed. As ADER direct expansion schemes,
ADER-D (standard ones with Godunov states/fluxes) and ADER-waf (ones with WAF states/fluxes) are adopted. Then,
verification has been carried out on the scalar conservation laws with a linear flux, nonlinear convex fluxes, and various
types of nonlinear non-convex fluxes. Convergence studies have shown that all the ADER schemes achieve the designed
order of accuracy up to small cell sizes, yield small errors even in large cell sizes, and have computational efficiency with
keeping the CFL number close to unity. Capturability of discontinuity and rarefaction has been investigated. As results,
the ADER schemes have worked well for the problem of long-time propagation in the linear cases and for the problems of
complicated wave formation and interaction in the nonlinear cases corresponding to various types of convex and non-con-
vex fluxes. It is remarkable that ADER-waf schemes have shown sharper resolvability than the other ADER schemes, but
have less robustness.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction

It is very challenging to seek and develop more general-purpose numerical schemes for hyperbolic prob-
lems, because conventionally numerical schemes are optimized either for a linear or for a non-linear flow
models. Even in a few cases which are optimized for both models, the model equations are the linear advec-
tion equation and the Burgers’ equation with convex flux, and problems on non-convex fluxes have not been
taken into account. However, in some scalar model equations there appears the non-convex property such
as the Buckley—Leverett equations for two phase fluid flow in a porous media. Furthermore even in the
Euler equations, there are occasions where the state equation is different from that of the usual fluid, for
example, in the high-temperature gas with dissociation and in the atmosphere at entry of vehicles to planets
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other than Earth, etc. In such cases fluxes are not always convex. Therefore for these future problems it is
very important to seek the numerical algorithms to treat linearity, convexity, and non-convexity accurately
and generally.

A candidate for the general-purpose schemes is the arbitrary accuracy derivative riemann problem (ADER)
approach recently developed as extension of Godunov-type schemes [2]. The ADER approach [18-20] is to
construct explicit, one-step advection schemes with very high order of accuracy in both space and time on
the basis of the solution of GRP (generalized Riemann problem) obtained by use of the solutions of the con-
ventional RP (Riemann problem) and derivative RPs (DRPs). Two methods are possible for ADER schemes
to solve general nonlinear conservation laws: methods based on state-series expansion [19] and direct expan-
sion [11]. Recently it has been extended, with high accuracy, to nonlinear conservation laws with source terms
[12,13] and diffusion terms [14] and to those in multi-space dimensions [22], and applied to the practical fluid
dynamics problems such as the Euler equation system [15].

This paper is intended to investigate, as a basic research, if the ADER approach can be the general-purpose
algorithm. First, the ADER schemes based on the state-series expansion and the direct expansion are reviewed
in the viewpoint of the numerical procedure and the accuracy. Special emphasis is placed on verification of
ADER schemes in the direct expansion forms, and another version with high resolvability is also included
in the verification. The advantages and the disadvantages of the ADER schemes in direct-expansion forms
are discussed in comparison with those in state-series expansion forms. Then, numerical verifications are car-
ried out on the scalar conservation laws: 0,4 + 0,/(¢) = 0. On the ADER schemes, verification has been suc-
cessfully shown for the linear advection equations with f{g) = ¢ and the Burgers’ equations with flq) = ¢*/2 (a
nonlinear case with a convex flux) till now. This paper shows the verification of ADER schemes more inclu-
sively to investigate the applicability for wider range of problems. Convergence is studied for the linear prob-
lem with flg) = ¢, the nonlinear problems with convex fluxes flg) = ¢°/2, ¢*/4, and nonlinear problems with
non-convex ones f{g) = ¢°/3, ¢°/5. Furthermore verification is carried out on various patterns of wave forma-
tion and interaction on shocks and expansions for the fluxes above and another type of non-convex fluxes,
Aq) = 1/4)(¢* — 1)(¢* — 4) and flg) = ¢*/(¢* + a(1 — ¢)*) (Buckley—Leverett equations).

2. Governing equation and conservative scheme

Here the initial value problem of the scalar conservation law is considered,

0+ 0, (q) =0, (1)
together with the IC
q(xv 0) = qO(X)J (2)

where ¢(x,t) is the conserved variable, f{q) is the flux function, and ¢o(x) is the initial distribution of ¢. Eq. (1)
can be described as follows:

0 + 4(9)0q = 0, (3)
where A(g) is the characteristic speed defined by

,, . df

Q) = aq
Integrating (1) in time and space [ty, ty1] X [Xi,% , Xi %} gives the conservative form

n . At
q =q - Ax [fi% - fi—%]v (5)

where Q] is the spatial average of ¢ at time 1 =1,

1 il
qln = B / ’ Q(X, tﬂ) dX, (6)

(4)

fi.1 is the time average of f{q) at cell interface X = x; !
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=g | e a0t ™)
and cells, cell sizes, time-step sizes are defined by

li = X1, X5, (8)

AX = X1 = Xi_1, )

mzﬂM{fmf (10)

The ADER approach is a type of Godunov schemes [2] based on the conservative form (5).
3. ADER approach

Here the ADER approach with mth order of accuracy in time and rth order of accuracy in space is pre-
sented in the viewpoint of the numerical procedure and the accuracy. As to basic derivation, see Ref. [11].
When m = r is taken, the resulting ADER schemes have the rth order of accuracy in both time and space.
First, the ADER schemes based on state-series expansion are presented, and then those based on direct expan-
sion are explained.

3.1. Method based on state-series expansion
The ADER approach in the state-series expansion consists of the following steps 3.1.1-3.1.4.

3.1.1. Reconstruction and GRP

At each time ¢,, the data in the form of cell-averages g are reconstructed by piece-wise smooth functions
pdx) for cell I;. To avoid spurious oscillations in the vicinity of discontinuities, the ENO or WENO [3,9] poly-
nomial interpolations are adopted. With r stencils, polynomial p(x) of degree at most r — 1 can be con-
structed, and the spatial accuracy is rth order in the case of the ENO interpolations, and (2r — 1)th order
in the case of the WENO interpolations:

ENO : p;(x) = q(x,t,) + O(AX"), (11)

WENO : p;(x) = q(x, ty) + O(AX* 1), (12)
but the spatial accuracy for the kth order derivative for ¢ is (r — k)th order in the both ones:

ENO/WENO : 3¥p;(x) = q® (x, ty) + O(AX%). (13)

From this reason, the order of spatial accuracy in the ADER schemes is rth, even if either the ENO or the

WENO interpolations may be used. However, as the values of errors are smaller with the WENO, the WENO

interpolations are adopted here. About the discussion on the accuracy of ADER approach, see Section 4.
Near each cell interface X; 4 at time 7,, introduce

é =X— Xi+%7
T=t—t (14)
Q(fa T) = q(xi% + &t + T)

and consider the GRP having the following PDE and the IC on ¢ € (—o0,+00) and t € [0, +00):

PDE : 0,Q + 0:f(Q) =0, (15)
m@%+® if ¢ <0,
IC: Q(&,0) = '
pm(xi%Jré) if &£>0,

where the initial data are the reconstructed polynomial functions translated by —X; e
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3.1.2. Expansion with Cauchy—Kowalewski procedure
When the solution of GRP (15) and (16) is differentiable on time and space up to the (m — 1)th order near
¢=0and 7 — +0, it is expressed as a time Taylor-series expansion:

m—

Q(0,7) = Q(0,+0) +

k

L

aQ(0, +0) + O(<"), (17)

|

=

=
I

1

When conservation law (3) is linear with constant 4, all time derivatives of ¢ can be replaced with space deriv-
atives of ¢, using the governing equation:

g = (-2)0%, (18)

X

which we call Lax-Wendroff [6] procedure. When conservation law (3) is nonlinear, Cauchy—Kowalewski pro-
cedure [4] is adopted as follows:

&g = —/d,, (19)

Ong = —Aly — 4q0 Uy (20)

{0y = — 20y — ZqG; (21)

O0ud = — A — 2490 — 4q% — 4aqCt Gy (22)

{ Gux = — oo — Aq%Gox — 2290 — AaaChlls (23)
Oooc = — Ao — 32q0hGoc — ZaqCly

and time derivatives of g can be expressed with space derivatives of ¢:
Mg =aM(q?,...,qW). (24)

) HIX

Thus, the time Taylor-series expansion (17) leads to the following equation:

Q(0,7) = q (xi%, ty+ 0) + mi E—k'w (q;°> (xi+%, ty+ o) s, ql (xi%, ty+ 0)) + O™, (25)
k=1 :

3.1.3. Solution of GRP by use of RP and DRPs
The solution of the GRP at & =0 is approximated in the mth order of accuracy as

m—1 _k
(V) T k) [0 (k)
&I;Pm(O, 7) = Gy + kz_l: Ha( )(qi+%, . ,qi+%). (26)
Here qu(?r)l is the solution at (&,7) = (0,+0) of the conventional RP:
2
PDE :0,Q +0:f(Q) =0, (27)
(0) ;

o, if £<0,
1CQEO=¢ o ., (28)

qR i+% 1 i > )

which is given by the value at &/t = 0 of the similarity solution for the above RP, and we call it Godunov state.
qfﬂ(k =1,...,m—1) are the solutions at (£,7) =(0,40) of the kth order derivative RP (DRP) locally
linearized:

PDE : d,v + A(qfi)l) 0V =0, (29)

(k) :
q il lf é < 07
o (30)
q;ﬁ% if ¢>0,

IC :v(&,0) = {
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where V= aék Q, and they are given by the values at &/t = 0 of the similarity solutions for the DRPs. qL i+l and
qR il in ICs. Egs. (28) and (30) are given by

qL i+% = X—»li.IE—OaX pl( )7
2
(31)
k
qE{)H% = XJ)}H} 06 pl+1(x)-
2
When Q is scalar, Godunov state q +] is obtained as gq@°¢ (q(LO)i e qff)i %) in Osher’s formula [7], where the
Godunov flux /°°¢ is defined as follows [5]: )
: ; (0) (0)
o min | f(q if q il SOR il
L

o 1 SOSR g

0 0
food =f (qGOd (q(L)i+%7 qu)w%)) = : (0) (0)
2 o, max f(q) if qp il = OR iyl
URRELEL O

and q (k =1,. — 1) are given by

© qi¥ iy if /l(q ) >0,
qi+l = (k) (33)
2 OR 4 if /l(qu) < 0.

3.1.4. ADER numerical flux function
The mth order ADER numerical flux in state-series expansion is obtained by time average

FADERMS _ lb/ﬂtf( GEM(0, ) )de (34)
|+— At i+% ’ ’

which can be carried out numerically by a suitable Gaussian quadrature. When fADERm S is used with conser-
vative form (5), the mth order ADER state-series expansion scheme denoted by ADERm S is obtained.

3.2. Method based on direct expansion

Another approach relies on the Taylor-series expansion directly for flux function f'and the conservation law
for flux £, which is derived by multiplying conservation law (1) by A(q) = dfig)/dg:

o + 4(q)d,F = 0. (35)

3.2.1. Reconstruction and GRP

At each time 7, fluxes should be also reconstructed to piece-wise smooth functions g;(x) for cell 7. Two ways
are possible for reconstruction of f.

Rf-1: Compute cell-averaged values of f using the interpolation function for ¢, p{x),

e [ X'_‘ff<pi(x>>dx, (36)

which can be approximated by an appropriate Gaussian quadrature, and construct g(x) by ENO/WENO
interpolations, and obtain 8'g;(x).

Rf-2: Define
9i(x) = f(pi(x)). (37)
Represent spatial derivatives aik)f by terms of spatial derivatives aij)q as
f =f(q) (38)

fx = A()dy, (39)
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fu = 2(0)0 + 24(0) ()", (40)

£9 =y¥ @0, q, ..., q0), (41)
and then, using interpolation functions p,x) instead of ¢(x), obtain af(k)gi(x):

39100 = ¥ (" (00, B ()., (). (42)

In both reconstruction ways, when r stencils are used, corresponding to the accuracy of p{x), the following
orders of accuracy are estimated for g,(x) [11]

ENO : g;(x) = f(x,t,) + O(AX"), (43)

WENO : g;(x) = f(x,t,) + O(AX* ), (44)
but the spatial accuracy for the kth order derivative for f'is (r — k)th order in the both cases:

ENO/WENO : 3¥g;(x) = £ ¥ (x, t,) + O(AX¥). (45)

and then the spatial accuracy of the ADER approach is rth order (see Section 4). As way Rf-2 is effective
because it only requires algebraic operations for reconstructed ¢ and its spatial derivatives, here the second
way is used.

Near each cell interface X;,; at time #,, introduce Eq. (14) and

FET) =F (X + Ettr)), (46)
and consider the GRP for F
PDE : 8,F + A(Q)d:F =0, (47)
o <xi+% + é) if <0,
IC:F(&,0) = (48)

9is1 (Xi+% + 5) if ¢>0,
where the initial data are the reconstructed polynomial functions translated by —X; e

3.2.2. Expansion with Cauchy—Kowalewski procedure

As similar to the case of the state-series expansion, when the solution of the GRP (47) and (48) is differen-
tiable on time and space up to the (m — 1)th order near £ =0 and t — +0, it is expressed as a time Taylor-
series expansion:

m-1 _k

F(0,7) = F(0,+0) + Y 50!F (0,+0) + O(z"). (49)
k=1 """

When conservation law (35) is linear with constant 4, all time derivatives of f can be replaced with space deriv-
atives of f through Lax—Wendroff [6] procedure:

oMf = (1) 0WF, (50)
When conservation law (35) is nonlinear, Cauchy-Kowalewski procedure [4] is adopted as follows:

of = —If,, (51)

Ouf = —Afx — 2q0:Fx, (52)

{fx = — A — 440, Ty, (53)

Ouf = —Afix — 220 Fix — Zq0uFx — Agq0r s, (54)
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{ fttx = _/lftxx - qqxftx - )»qqtfxx - iqthfx - j-qqqthf><7
flxx - fxxx 2/qux XX ;“quXfX - /ququxv

and time derivatives of f are expressed with the space derivatives of ¢ and f:

Thus, the time Taylor-series expansion (49) leads to the following equation:

m-1 k

T
F(0,) = F Oyt +0) + Y B (0 (4isgsta +0) o 6 (4.t +0).

£ ( it o) LEW (xi%,tn + 0)) + O™, (57)

3.2.3. Solution of GRP by use of RP and DRPs
The solution of the GRP for F at & =0 is approximated with mth order of accuracy:

GRP (k=1) g(1) (k)
FORP(0,7) = 1) +Z k'ﬂ ( A% 0 ,fi+%,...,fi+%>. (58)

To avoid entropy violation, f .l ) should be the flux of a monotone method, and here Godunov flux (32) is
adopted. f (k =1,....,m— 1) are the solutions at (¢,7) = (0,40) of the kth order DRP on flocally linearized:

PDE : o.w + (") )o.w = 0, 59
i+1) 7
9, if ¢<0,

IC : W(¢,0) =
fék)i+% if ¢>0,

(60)

where w = Gék)F and

fL<k>i+% = XJ}TIILO 09i(x),
2
(61)
fék)i% = XJgn}JfQ@ 'gis1 (%),
and they are given by the values at ¢/t = 0 of the similarity solutions for the DRPs

) £, i A ) >0,

=9 0 o (62)
2 ooy if A(q|+2) <0.

3.2.4. ADER numerical flux function
The mth order ADER numerical flux in direct expansion is obtained by time average

0 (¢ 1) )
(|+1""7q|+1 Y |+]""7fi+%)' (63)

fADERm -D i a F GRPm(O
i+1 At i+5 7)

Notice that the numerical quadrature, which is included in the case of state-series expansion, is no more
needed. When fADERm ‘D is used with conservative form (5), the mth order ADER direct expansion scheme de-
noted by ADERm D is obtained.

Regarding the form of f* appearing in (63), different expressions than form (56) are possible by eliminat-
ing £ or q¥) by use of (39)-(41): hereafter form (56) is denoted by f*,
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afk)f - ﬁl(k)(qf(())v s 7q>((k71)7 fx(l)v ce 7fx<k>)7 (64)
a different form is
k
A = A0 10, ), )
and another form is
k
o) <66>
The forms of ﬂl , ” , ﬂm and y/'® are summarized in Appendix. As some of ﬁ“ include 1/, manipulation is

needed at 4 =0.
Thus five ways are possible by combination of function forms for aik)f with reconstructing methods for f:

A and B: 0MF = g (q©,q),...,q% D £0 ... £®) with methods Rf-1 and Rf-2, respectively.

)
X
Cand D: 0V f = ﬁ( (@@, £, ... £®) with methods Rf-1 and Rf-2, respectively.
(k)

X o 'x ’

E: 0MF = (g, gV, ..., q¥) without DRPs for f.

In Ref. [11] the verification for five ways A—E is shown, where the designed order of accuracy is obtained in
convergence studies in all ways. Here way B or E is adopted for computational efficiency.

Another version of the ADER direct expansion schemes is suggested by Toro et al. in [21] by rearranging
the schemes, (5) and (63), as:

- () - £ ) &
with
k+1
w0 = (65)
If the flux is linear: f'= Agq,
pY = (—2)¥olf = A((_z)ka@q) (69)

holds from the Lax—Wendroff procedure. Then, Eq. (67) can be interpreted as summation of solutions of evo-
lutional equations for state variable q = 6§°>q (first line) and its gradients aik)q (second line) by the Godunov
first-order upwind method. This leads to the idea to replace the Godunov first-order flux with some high-order
flux of total variation diminishing (TVD) schemes, not in the first line of Eq. (67) only, but in all terms in the
expansion. Most of the modern TVD fluxes, however, achieve non-oscillatory behavior by imposing a certain
monotonicity constraint on extrapolated values qy ; % and Qg 1, oron i 1 and fr; 11, and use of the constraint

prevents the ADER schemes from holding the designed order of accuracy. In [21] the TVD flux of the second-
order weighted average flux (WAF) method [16] is recommended to use with the ADER schemes because it is
the only high-order TVD flux which needs no constraints on the extrapolated values. ADERm-waf schemes
are obtained by applying the WAF flux as the leading flux in the first line of (67) and also the WAF states or
WAPF fluxes as the solutions of DRPs for ¢ or fin the second line with a TVD limiter.

Thus, the advantages of the direct expansion in comparison with the state-series expansion are as follows:
(1) in the ADER flux of the direct-expansion forms, the numerical quadrature, which is included in the state-
series expansion forms, is not necessary; and (2) it is possible to combine with a suitable high-order TVD flux
and obtain higher resolvability. The disadvantage is that the Cauchy—Kowalewski procedure becomes more
complicated. However, the disadvantage is not essential, because this procedure can be carried out with the
aid of software tools such as MAPLE or Mathematica. Because of the benefits above, solutions based on
the direct-expansion are demonstrated in the verification.
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4. Accuracy

The accuracy of the method based on direct expansion is presented here. For the ADER approach (5) and
(63), the local truncation error is defined by

T (X ta) = 51006 b+ A — Q06 )} + 1 {FAPERP - fapermo ]

Ax L i+
- i{q(xi, th + At) — q(Xi, tn)} + kz; (|<(A+t>1)g [ﬁ { BY (xi%) il (xif%) }] , (70)
where ¥ (x) are defined as follows:
BY () = gi(x), (71)
B = B (pi(¥), 8 pi(x), -, A Tpi(), 87 Gi (%), -, 09 (0)), for k= 1,...,m — 1. (72)

The accuracy of p(x) and 6§k>pi(x) is shown in Eqgs. (11)—(13), and the corresponding accuracy of g{x) and
aik)gi(x) is in Eqgs. (43)—(45). At each cell interface X;,; the solution of the GRP is used, which is very effective
to capture discontinuities, etc., clearly. However, the accuracy is discussed usually on the assumption of a
smooth solution. When the reconstruction errors of the left and right states of ¢ and f are those shown for
pdx) and g/(x), then in the scalar conservation laws the solution of the GRP is within the error range.

In the ENO case, these accuracy evaluation gives for k =0,1,...,r — 1

B () = £ (x,1) + O(AX), (73)
whatever formulae for 1’}(k> among /ﬁk) in (64), ﬁ;‘f) in (65) and ﬁﬂ}) in (66) might be used. Therefore the follow-
ing evaluation on space holds for k=0,1,...,m — 1 with r = m:

1 _
A U (xig) = B (34 = (60,0, + O, 74)

On the other hand, the time Taylor-series expansion brings the following evaluation on time:

m—1

1
Kt{q(xivtn + At) XI) n Z |qtk+l letn) + O(Atm)' (75)
k=

Thus, with (74) and (75), local truncation error (70) becomes

— (At)k k+1 k r—k m
T tn) =Y [0 0, 1) + (FY), (i, t) + O(AX™)] + O(AL")

=) O(AtAX ) + O(At™), (76)

since the followings holds from governing Eq. (1),

qt(k+1)(xi7 tn) + (ft(k>)x(xi7tn) = 0. (77)
If Ax and At keep a constant ratio, Ax/Ar < +oco, we have
[T (Xi, th)| < CxAX" + CiAL™. (78)

It has been shown here that, by using the ENO reconstruction of » = m, the ADER scheme (5) with (63), (65)
or (66) is of order r in time and space.

However, summation of the spatial error in (76) might result in a large value of bound C, in (78). Possibility
to increase the convergence rate is to use the WENO interpolation [9,1] with r stencils which satisfies (2r — 1)th
order of accuracy for ¢ and f (Egs. (12) and (44)) instead of rth order (Egs. (11) and (43)); then, as

(q) (j=0,1,...,k—1) included in g (x) are more accurately approximated in the case of WENO, the
bound value C, can be significantly reduced. In the WENO case, however, notice that the order of accuracy
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for ADER schemes is same in the ENO case, because the order of accuracy for the kth derivatives of ¢ and f'is
(r — k) in both cases (Egs. (13) and (495)), and therefore the order of accuracy for ﬁi(k)(x) remains (r — k) as in
Eq. (73).

5. Numerical verification and discussion

Numerical verification has been carried out for conservation laws with flux functions flq) = (1/a)¢* (a =
1,2,3,4,5) where a = 1 corresponds to linear flux flg) = g, a = 2,4 to nonlinear convex fluxes flg) = (1/2)¢*
and f{g) = (1/4)¢*, and a = 3,5 to nonlinear non-convex fluxes f{¢) = (1/3)¢> and f{g) = (1/5)¢°, and another
types of non-convex fluxes, flg) = (1/4)(¢* — 1)(¢*> — 4) and flg) = ¢*/(¢* + a(1 — ¢)*).

Here ADER schemes with » = m, i.e., with rth order of accuracy in time and space (r stencils) are verified.
For the reconstruction of data, mainly the WENO interpolation is adopted, but there are some occasions
where the ENO interpolation works better than the WENO one, for example, formation of complicated wave
structure. In notation, ADERr-D and ADER~-S represent the rth order ADER schemes with the Godunov
states/fluxes in direct expansion and state-series expansion, respectively. ADERr-waf represents the schemes
using the WAF states/fluxes averaged at half of the time stepping size [17] in the rth order direct expansion
forms, and here the SUPERBEE limiter of Roe [8] is used together. ADER1 (ADERI1-D and ADERI1-S)
and ADER 1-waf correspond to the first-order Godunov upwind scheme and the second-order WAF scheme,
respectively.

For the purpose of comparison, WENO [9,1] finite-volume schemes with the third-order TVD Runge—
Kutta method [10] are adopted. In WENO schemes, use of r stencils yields (2r — 1)th order of accuracy in
space, and the following time stepping size

Aty ~ AXCr=D/3 (79)

is used to hold the designed order of accuracy [1]. For r > 3 the power of Ax is (2r — 1)/3 > 1, and therefore
time stepping (79) causes very small value of Az and consumes computing time. Here WENO schemes having r
stencils with Az, by Eq. (79) and those with At by CFL condition are denoted by WENOr:dtw and
WENOTr:cfl, respectively.

In all the computation of ADER and WENO:cfl schemes, here the CFL number is taken as 0.8.

5.1. Convergence studies: verification on accuracy

For convergence studies, initial value problems defined on x € [— 1,1]
PDE:8q+0of(q) =0,  f(a)=(1/a)q", (a=12,3,4,5) (80)
IC : q,(x) = 0.25 + 0.5 sin(7nx) (81)

have been numerically solved on equally spaced grids with periodic boundary conditions; time is evolved until
t = 1/n before shock waves are generated.

Figs. 1(a)—(e) show the convergence studies of ADER and WENO schemes for problems with linear flux
flg) =q, convex fluxes flg) = (1/2)¢* and flg) = (1/4)¢*, and non-convex fluxes f{g) =(1/3)¢’ and flg) =
(1/5)¢°, respectively. Here L, norm of global errors versus Ax is plotted in log scale, where the slopes indicate
the order of accuracy. Figures show that all ADER schemes achieve the designed order of accuracy even if Ax
is very small, and ADERS schemes yield smallest errors among all schemes when Ax is large. Tendency of
scheme errors can be summarized as follows: (1) in the linear problem (Fig. 1(a)), values of errors in
ADER/-D and ADER/-S are same and very small (10~"% in the fifth order schemes), and somewhat smaller
than those of ADERr-waf except for r = 2; (2) in the nonlinear problems (Fig. 1(b)—(e)), values of errors in
ADER/r-D, ADER/-S, and ADERr-waf are almost same and small (107 1°-107'! in the fifth order schemes);
(3) in all problems, as expected, errors of ADERI1-waf (WAF scheme) are smaller than those of ADERI1
(Godunov scheme) for r = 1.

For comparison, results of WENOr schemes are included: with CFL number 0.8, the convergence rate
remains the lower order of accuracy between those of time and space, i.e., third-order, while with time stepping
(79) the convergence rate reaches the designed order of accuracy (2r — 1), and errors of WENO schemes with
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(d) Nonlinear problem with non-convex flux (e) Nonlinear problem with non-convex flux
flay=4*/3. flg)=4¢/5

Fig. 1. Convergence study.

r=4,5 are smaller than those of ADERS5 schemes in some range of Ax. However, in the latter time-stepping
case, At in highly-accurate WENO schemes should be very small and therefore time-consuming. For example
in the case of Ax =102 CFL condition gives Az ~ 1072, while WENO time stepping condition (79) gives
At ~2x 107> and At~ 107 for r = 4 and r = 5, respectively.

Therefore it is concluded that the advantage of ADER schemes is to achieve the designed order of accuracy
up to small Ax, to yield smaller errors in large Ax compared with WENO schemes using the same stencils, and
to have computational efficiency with the CFL number close to unity.
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t = 40 (ADER5-D and ADER5-waf).
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(b) x —t diagram (ADER5-D).

Fig. 3. Wave propagation on linear flux (320 cells).

ADER2-waf-ADERS-waf on 160 cells. ADER1-waf captures discontinuities sharply, but bluntness appears
in the solution of ADER2-waf. However, the higher the order of accuracy becomes through ADER3-waf-
ADERS5-walf, the clearer the discontinuities and apex are. Fig. 2(c) and (d) show the comparison of ADER-
D, ADER-waf and WENO schemes with r =4 on 160 cells and 40 cells, respectively, and (e) and (f) show
the comparison with r =5 on 160 cells and 40 cells, respectively. It is observed that in Figs. 2(¢) and (e) on
the finer grid, ADER-D, ADER-waf and WENO:dtw generate sharp and clear solutions, but WENO:cfl
causes the overshoot and undershoot at the discontinuity when the time accuracy is largely different from
the spatial one. In Figs. 2(d) and (f), it may be said that ADER schemes capture the discontinuity and apex
better even on the coarse grid. Between ADER-D and ADER-waf, ADER-waf shows clearer capturability
but has less robustness in numerical experiments.

Figs. 3(a) and (b) show the linear propagation of waves by ADERS until time 7 =40 in a finer grid of 320
cells. It is observed that the apex of the triangle and the discontinuities of the rectangle are clearly resolved by
ADERS5-D and ADER5-waf without numerical oscillations, and the x — ¢ diagram by ADERS5-D shows the
linearity in wave propagation.

5.2.2. Nonlinear problems with convex fluxes f(q) = (1la)q¢® (a=2,4)
The nonlinear conservation laws with convex fluxes flg) = (1/a)¢” (a = 2,4,...) with IC:

oo — 4 LT M= (82)
0 2 if |x <,

are considered on region x € [— 2.5,1.5]. As indicated in Fig. 4, the breakdown of the initial distribution re-
sults in a expansion fan including a sonic point from the discontinuity at x = —1/2 with left-state value
gL = —1 and right-state value gr =2, and does in a shock wave from the discontinuity at x = 1/2 with
¢1. =2 and gg = —1 with speed S = (2 — 1)/3a.
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N 7 ag | ar | q |
o) Frpunicpguee  (6) Shock e

Fig. 4. Case of convex flux f{q) = (1/a)q" (a: even number).

Let (xp,t0) represent the location and time where the head expansion wave overtakes the shock wave,

_ (a2
X0 = F{@a—2)717) ’
(83)
th = 6a
0 = (Ba—2)2"12"
Then for t < ¢, the exact solution is given by:
—1 if X< —1-t,
1
><+1/2)E if 1l _t<xe_lioal
T G B SR (84)
: 1 -1 1, 221
2 if —§+2a tgxéi—&—?t,
: 1, 281
—1 lf X > 3 + ?t,

at t = o the expansion hits the shock at x = xp, and for ¢ > ¢, when the expansion interacts with the shock, it
is expressed by:

-1 if X< —1-t,
GD =4 (H2)7T i L t<x < Xs(0), (85)
~1if X > X4(1),

where X() is the location of the shock which satisfies the ordinary differential equation:

ax,  (=2) -1

with the IC of X (tp) = xo.

Here as numerical verification, the problems with convex fluxes fig) = (1/2)¢* and flg) = (1/4)q" are
adopted. In the case of fig) = (1/2)¢°, numerical solutions at = 0.0, 0.4, 0.8, 1.6 on 40 cells are shown in
Fig. 5 and those on 320 cells are in Fig. 6, with the exact solution. Figs. 5(a)—(d) show the numerical solutions
by ADERI1 (Godunov scheme) and ADER 1-waf (WAF scheme), those by ADER2-D-ADERS-D, those by
ADER2-waf-ADER5-waf, and those by WENO3:dtw—WENOS5:dtw, respectively. It is well-known that near
the sonic point the change of the upwind direction sometimes results in overestimation of slopes, the so-called
glitch phenomena. In the solution by ADERI, the glitch phenomena appear in the expansion fan, the wave
front of the expansion fan is not clear for ¢ <¢,, and the shock wave is not sharp, while in the solution by
ADERI1-waf the shock and expansion fan appear much clearer. The tendency of ADERI is observed also
in the solution by ADER2-D. However, the higher the order of accuracy becomes through ADER3-D-
ADERS5-D, the more the solution is improved in both expansion and shock waves. Also so as to ADER2-
waf-ADERS5-waf, the higher the order is, the better the solution is. Although ADERS5-D, ADERS5-waf and
WENOS:dtw capture the numerical solutions clearly, the ADERS schemes capture the shock wave slightly
sharper than the WENOS scheme. Figs. 6(a) and (b) show the wave formation by ADERS-D on a finer grid
of 320 cells for ¢ < 1.6. It is understood that the numerical solution is in excellent agreement with the exact
solution without spurious oscillations, and in the x — ¢ diagram the interaction between the expansion fan
and shock wave is clearly observed.
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Fig. 5. Numerical and exact solutions on convex flux flg) = (1/2)¢> (ADER-D, ADER-waf and WENO; 40 cells).
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In the case of flg) = (1/4)q", Figs. 7 and 8 corresponds to Figs. 5 and 6, respectively. ADER 1 overestimates
slopes in the expansion fan, while ADER 1-waf underestimates slopes. Otherwise the same tendency has been
observed as mentioned in the case with f{¢) = (1/2)¢*: the higher the order of accuracy is in ADER schemes,
the more the numerical solution is improved in both expansion and shock waves, and ADERS5-D and
ADERS-waf capture the shock and expansion waves slightly shaper than WENOS-dtw. The interaction
between the expansion fan and shock wave is clearly observed without numerical oscillations.

5.2.3. Nonlinear problems with non-convex fluxes f(q) = (1la)q® (a=3,5)
To investigate the capturability of shock and expansion waves the nonlinear conservation laws with non-
convex fluxes flq) = (1/a)¢” (a =3,5,...) are investigated furthermore. The Riemann problem with IC:

g =-15 if x<0,
QO(X)_{ - , (87)
gr =11 if x>0,

is solved numerically on region x € [ —1,2]. In problems with non-convex fluxes, the solutions can exist where
from one discontinuity both shock wave and expansion fan are formed. Let ¢* be the root of the equation
obtained from S = J(¢"), where S is the speed of the shock with jump from ¢; to ¢*, and A(¢") is the charac-
teristic peed at ¢,

(@-1D@)"" — (@) g — (@) gi ... —qF ' =0. (88)
If gr > q" > 0> g or gr <g" <0< gy, both waves are generated. Fig. 9(a) shows this case with IC (87) sat-

isfying the former relation with non-convex flux, and Fig. 9(b) represents the solution with the shock and sub-
sequent expansion waves, respectively. As S = (¢*)*!, the exact solution is given by

: a—1
-1.5 if X< ()",
1
_ T a—1 a—1
qt) = ¢ (7T if (g)* 't<x < LI*M, (89)
. -1
1.1 if x = 1.137't,
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Fig. 7. Numerical and exact solutions on convex flux f{g) = (1/4)¢* (ADER-D, ADER-waf and WENO; 40 cells).



|| /
\ y
1R H
\ “‘ “ /
\ | |
| \ |
\ /
|
\ /
/
/ —exact | q /
comput I\ /
t=0.00 1\ /
=010 || 0. |
—— t=0.40 I\ i “
‘ —-— t=1.60 ‘\‘\ .“T oo |
I /
/ ‘\ AL !l'“""‘\ t= 1.60 /
| o |
f







Y. Takakura | Journal of Computational Physics 219 (2006) 855-878

—exact
comput:
—v— t=0.00
el
—— = U. - —
X =120 t=0.00 t=0.80 t= 1.20
10 Wf
i
: 80 ‘ : i x
-1.0 00 1.0 2.0
1.0 ‘
(a) Numerical and exact solutions.
max
t -
1.0
0.5¢r
00% . . ' X
-1.0 0.0 1.0 2.0

(b) x — ¢ diagram.

Fig. 11. Wave formation on non-convex flux f{g) = (1/3)¢°> (ADER5-D; 240 cells).
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Fig. 12. Numerical and exact solutions on non-convex flux flg) = (1/5)¢° (ADER-D, ADER-waf and WENO; 30 cells).
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ndizated in Fig. 14(c), let g; be the root of equation Sy = A(q} ), where Sy is the speed of the shock with

n1 gy to 0}/ and gy is the corresponding root of Sg = A(0%). Then expansion waves are formed near
i two shiock waves propagate to both sides. The exact solution is given by:

q. if X < A(au)t,
h(x/t) if A(q))t < x < A(gp)t, (92)
qrif ARt <X,

Fie 13 Wave formation on non-convex flux Aa) = (1/5a5s
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Fig. 14. Wave formation on non-convex flux f{g) = (1/4)(¢* — 1)(q2 — 4) (ADER1 and ADERS5-D; 40 cells).
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Fig. 15. Wave formation on non-convex flux flg) = ¢*/(¢* + a(1 — ¢)*) (ADER1 and ADERS5-D; 40 cells).

where /(&) is the solution of & = f'(h(£)) in the concave part flg)(—¢qr < g < ¢y). In this case where numerical
solution has complicated distribution with convexity and concavity, the WENO interpolation does not work
well, and here the ENO interpolation is adopted in the ADER schemes. Fig. 14(d) shows the solution of
ADER1 and ADERS5-D in the case of ¢ =2 and ggr = —2. It is observed that wave formation of shock—

expansion—shock is clearly captured by ADERS5-D.
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5.2.5. Nonlinear problems with non-convex fluxes f(q) = ¢I(¢ + a(l1 — q)?)
Consider the Buckley—Leverett equations having the flux above, a simple model for two phase fluid flow in
a porous media[5]. The Riemann problem with IC:

g =1 if x<0,
GX) =9 " . (93)
gr =0 if x>0,

is numerically solved on region x € [—1,3]. Let ¢* be the root of equation S = A(¢"), then the expansion and
subsequent shock waves are formed, as indicated in Fig. 15 (a). The exact solution is given by

1 if X <0,
qx,t) =< h(x/t) if 0<x< g, (94)
0 it Ag)t < x,

where A(¢) is the solution of & = f'(A(¢)) in the concave part f{g)(qr < ¢ < 1; ¢; is the inflection point). Also in
this case the ENO interpolation is adopted in the ADER schemes because of the same reason stated in Section
5.2.4. Fig. 15(b) shows the solution of ADER1 and ADERS5-D in the case of a = 0.5. It is observed that for-
mation of expansion and subsequent shock waves is clearly captured by ADERS5-D.

In this section solutions by ADER-D and ADER-waf have been displayed, and in numerical experiments
the solutions by ADER-S have been almost same as those of ADER-D.

6. Conclusions

On the ADER approach, the state-series expansion forms and the direct expansion forms have been pre-
sented in the viewpoint of the numerical procedure and the accuracy, and the advantages and disadvantages
of the latter forms are discussed in comparison with the former forms. As ADER direct expansion schemes,
ADER-D (standard ones with Godunov states/fluxes) and ADER-waf (ones with WAF states/fluxes) are
adopted for verification in comparison with ADER-S (state-series expansion schemes) and WENO. The ver-
ification has been carried out mainly for the ADER direct expansion schemes up to the fifth order of accuracy
on the scalar conservation laws with a linear flux, nonlinear convex fluxes, and several types of nonlinear non-
convex fluxes. Convergence studies with continuous initial distribution of states have shown that all the
ADER schemes achieve the designed order of accuracy up to small cell sizes, yield small errors even in large
cell sizes, and have computational efficiency with keeping the CFL number close to unity. In verification by
discontinuous initial conditions, as the order of ADER schemes is made higher, the long-time propagation of
apexes and discontinuities is clearly captured in the linear problem, and the waves of shocks and expansions
are correctly formed and interacted in the nonlinear problems, corresponding to each flux. It is remarkable
that ADER-waf schemes have shown sharper resolvability than ADER-D and ADER-S schemes, but have
less robustness. Therefore it is concluded that the ADER direct expansion schemes work well for both the
linear problems and the nonlinear problems with convex and non-convex fluxes.
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Appendix. Forms of o, ﬁy‘), ﬁ%‘), /f%‘,) and y®

(1) «® (g, gV, ..., qW) for k =1,2,3,4
o = gl
ol = 7247 + 2dg(a)’,
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o) = =) — 972440 q) — 64(4q)*(0")" — 372 igq(a)))’
o = 2% + 16274090 + 122724(0)” + 72% (%) (o)
+ 24707 740(0) 20 + 3677 Agdag ()" + 447 Agg(a)".
2) A9, a0, ...,q& D £, .. £0) for k=1,2,3,4
B = D,
B = 2262 + 2220 F,
B = = — 6122, 0F2) — 3227,0PF D — 64(2 )2(q§1>)2fx<1> — 322 gq(qV)*F Y,
B = 1Y + 123090 F D) + 1222 2,0PF 2 + 427 2,90 F Y 4 367%(Jg) (9N £
+ 367 (7)°aVgP £ 4+ 240(44) (@) F D + 124324 (D) F 2
+ 12}'3;“qqq><(l)q>(<2)fx(l) + 36)”21q;“qq(qx )fo + 4/“ }‘QQQ(qx >)3fx(l)
(3) BYQO, £0 .. £8) for k=1,2,3,4
B’ = —AFY,
B = £ +25,(FD)?

o +244(2q)  (@M)*

X

1
BS) = _)“3fx(3) - 9’uqfx(l)fx(2) - 3j(’lq)2(f(l>)3 - 3/1qq(fx(l))37
B = 1S 1620 F VD 4+ 120224(F2) + 48(Jg)* (FV) £

X

+ 240740 (£ £, +20;Aq)qu(f )+ 4lgga ()"

@) B @®,ql,...,ql) for k=1,2,3,4

Bl = =2,

Biil = 23Qi2> + 322 74(aM),

B = — 12772097 = 1222(7¢) ("))’ — 44 2qq(a")’,

il = g + 20/14Aqqx A+ 157%7(0)” + 1202 (Ag)*(af)*a”

+6072(2q) (@) + 302 7q(a1) 29 + 602° Agdgq (AU + 57% Agqq(ql)*.

(5) v (@©,qM,...,q¥) for k=1,2,3,4

y =g,

Y = 0qQ + Z4(a),

Yy =07 + 34409 + Jgg(alV)’,

Y =20 + 420000 + 344(07)° + 6469(a") 0 + Jgga(al)".
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